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Diffusion Effects in Hypersonic Flows with a Ternary Mixture

Bokhyun Yoon* and Maurice L. Rasmussen**

(Received August 21, 1998)

An evaluation of multi-component diffusion effects in hypersonic flows is presented. A
comparison is made of the results obtained from the common simplifying assumption of Fick’
s law with the results obtained from the precise constitutive relations stemming from the kinetic

theory of gases. To fix the ideas, the flow of a ternary mixture past a flat plate is considered, for

which pressure diffusion is negligible. Whereas the precise analysis is more complicated, the
results for the mass-fraction distribution can be significantly different from the corresponding
simpler analysis stemming from Fick’s Law.
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1. Introduction

Most hypersonic flows (Yoon, 1996) involve
multi-component mixtures, which can be treated
as inert sometimes and reacting at other times,
depending upon the situation. Various problems
of interest stem from calculating the aerodynamic
forces and moments on missiles and aircraft,
calculating the reacting flow properties of propul-
sion unils, determining the missile signatures
associated with mass injection, and other situa-
tions. In virtually every CFD calculation scheme,
the mass-diffusion fluxes are approximated by
Fick’s law of diffusion, and thermal diffusion,
pressure diffusion and forced diffusion are neg-
lected. This approximation has not been sub-
stantiated for hypersonic flows in general, and it
has been taken as an article of faith based on
low-speed applications. This study seeks to evalu-
ate the use of Fick’s law by using the correct
multi-component diffusion laws to calculate vari-
ous flow problems and establish rational base-
line comparisons. By this means, it can be demon-
strated how different constitutive relations for the
mass-diffusion flux vectors influence the results of
hypersonic flow calculations for multi -compo-
nent mixtures.

One avenue of approach would be to take a
problem that has already been solved using Fick’s
law, and to solve the problem again using correct
multi-component
hypersonic flow problems can involve as many as
seven species or more and must be handled by
using one CFD code or another. This can involve
an elaborate numerical analysis, and such differ-

diffusion. Many practical

ences that occur may be obscure and difficult to
trace fundamental principles.

A second avenue of approach is to sort out
some of the implications of multi-component
diffusion from a more basic analysis. The general
diffusion laws, stemming from kinetic theory, are
substantially more complicated than the Fick’s
law. Many essential features can be illustrated by
using simple ternary mixture, and later on simple
reaction models. With these restrictions, funda-
mental hypersonic flow problems can be studied,

such as the boundary layer flow past a flat plate
and the flow structure of a normal shock wave. By
this means, some progress can be made analyti-
cally, and general insight and methodologies can
be established. Some properties of hypersonic
flow fields can be determined together with impli-
cations on wall friction and heat transfer effects.
This study will present the background and gen-
eral considerations for mass diffusion phenomena
first, and then concentrate on the compressible
boundary layer flow past a flat plate by means of
a simple ternary mixture model.

2. Background

The equation of change for the mass of species
a can bhe expressed as
p—%{“:a)a—divj‘m e=1,2,...,N
(1
where Y,=p,/ o is the mass fraction of species @,
o the mass density of the mixture, p, the mass
density of species @, ¢, the rate of creation of
mass of species ¢ per unit volume of mixture, j’,z
the mass-diffusion flux vector of species @, N the
total number of species in the mixture, and D/Df
the material derivative associated with the mass
average velocity. Since
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The reaction rate ¢, and the mass-diffusion flux
vector ;, need to be specified by some sort of
constitutive relations. Typically, the mass-diffu-
sion flux vector also enter into the constitutive
relation for the energy-diffusion flux vector (see
Eq. (9)).

The Fick’s law in terms of the mass flux is
classical and simple approximation for ;,:

-

]a:_poVYa, azls 29~"§N (5)
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Here D,, is a mean diffusion coefficient, being the
same for all species in order to satisfy Egs. (2)
and (4). For binary mixtures, Fick's law is theo-
retically correct when the effects of pressure gradi-
ents and temperature gradients are neglected.
Thus D, is a mean pseudo binary-diffusion co-
efficient. For multi-component mixtures, Fick’s
law does not have an equivalent firm foundation
as for binary mixtures, and [, depends on the
local composition as well as the temperature and
pressure. Various empirical and semi-empirical
relations have been used for J),(Rasmussen,
1994 ; Kee, 1993)

Fick’s law is very commonly used not only
because of its simplicity, but also because it
presumably yields reasonably good results. How-
ever, Dorrance (1962) states that Fick’s law does
not offer a general justification. In a recent two
volumes of Hypersonics, (Bertin, 1989), all the
CFD (Computational Fluid Dynamics) papers
that were cited there made use of Fick’s law. The
scant justification for using the Fick’s law was
given by Heimerl and Coffee (1982), but they
were concerned only with low-speed laminar
flames. Kee et al. (1993) encountered applica-
tions in which approximate averaging schemes for
the diffusion coefficient were inadequate, and
they noted further that the ones they propose
violate the conservation condition in Eq. (4). The
significance of mass diffusion near stagnation
points has been measured (Guy, 1975). It seems
that a general evaluation of Fick’s law, especially
applied for hypersonic flows, is not available.

3. General Considerations

The general representation of the mass-diffu-
sion flux vectors stems from the kinetic theory of
gases. These theories have been expounded in
great detail by Chapman and Cowling (1952)
and Hirschfelder et al. (1954). A recent textbook
on multi-component mass transfer by Taylor and
Krishna (1993) contains comprehensive mate-
rials, but it does not deal with hypersonic flows.
Refer to Rasmussen (1994) for discussions per-
taining to hypersonic flow.

From the kinetic theory of gases, the multi-

component mass-diffusion vectors are expressed
in terms of the diffusion vector &, :

de=VXet (Xa— Yo)VInp, o=1,2,..., N
(6)

where X, is the mole fraction of species ¢ and
p is the mixture pressure. Effects of concentration
gradients and of pressure gradients always appear
in this combination. The multi-component mass-
diffusion vectors are now given by

> Yai Yo 5
]a—PTaﬂngﬂDnﬁdﬂ DNInT,
a=1,2,..., N @)

Here, D, is the multi-component mass- diffusion
coefficient and D7 is the multi-component ther-
mal-diffusion coefficient. The diffusion coeffi-
cients D,z and DI are not equal to the binary
diffusion coefficient denoted by D, The multi
-component diffusion coefficients are instead
complicated functions of the binary diffusion
coefficients together with component concentra-
tions. Thermal-diffusion coefficients are generally
small, and being identically zero for Maxwellian
molecules, Notice that the mass-diffusion vectors
are linear combinations of the component concen-
tration gradients and thus not necessarily col-
linear with the concentration gradient of their
own corresponding species, as for Fick’s law. The
diffusion constitutive equation (7) is not at all
obvious, and yet it can be regarded as one of the
prominent achievements of the kinetic theory of
gases.

The multi-component diffusion coefficient D,,
is difficult to evaluate when there are a large
number of components (say, four or more). This
difficulty can be overcome when Eq. (7) is invert-
ed so that the diffusion vector ¢, is expressed in
terms of the mass-diffusion vector j,:

=L ”Xi_ﬁfﬂ(ﬁ“_z‘.g,)wmgﬁ
“ 0 i=1 Daﬂ Yﬂ Y. (2B T3 Daﬁ
Di_DL\ 42, ..
(F=-22), o=t.2. W (®)

This equation, sometimes, called as the general-
ized Stefan-Maxwell equation, is expressed in
terms of the binary-diffusion coefficient D,

rather than the multi-component coefficient
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Dge. The binary-diffusion coefficient D,, can be
evaluated for each pair of mixture components by
means of kinetic-theory formulas.

The mass-diffusion vector also appears in the
energy equation by means of the constitutive
relation for the energy-diffusion flux vector § :

N - T LA
q=—kVT— 2 haj “+7EIE‘RaXH

D ( Z_Jl> 9
ATV ®)

Here £ is the thermal conductivity for the mix-
ture, /i, the specific enthalpy for species @, and R,
the specific gas constant for species g. When there
is no mass diffusion, Eq. (9) reduces to what is
normally called the heat-flux vector and Fourier’s
law. Whatever constitutive relation for the mass-
diffusion vector may be used, it can significantly
affect the energetics of a diffusion problem.

4. Simple Ternary Mixture

Some basic results can be sorted out by starting
with a simple ternary and simple reaction models.
A simple model that bears some relation to reality
is that of dissociating oxygen in the presence of a
neutral species, say nitrogen. The ternary mixture
is thus composed of O, O, and N, which we refer
to as species 1, 2, and 3, respectively, for
computational purposes. Their physical prop-
erties are given in Appendix. It could be further
supposed that the oxygen non-equilibrium disso-
ciation is governed by the model for the ideal
1994). For the
ternary mixture, the multi-component diffusion
coefficient [,z can be determined explicitly in
terms of separate binary diffusion coefficients and

disassociating gas (Rasmussen,

the mixture composition (Rasmussen, 1994).

_YT{Rﬂl-jar__Ry[jaﬂ} _ :I
R“ Y“DﬂT + Rﬂ YﬂDar + R7 YyDaﬂ

(10)

DaB: 5aﬂ|:] +

where @, [, and y are non-repeated permutations
of 1, 2, and 3. The mass-diffusion flux vectors
thus appear as

-

J1 p%[x Dlzd2+ X D1';C_2”q:| (lla)

Fe p%[XDAJ,JF Dzsda] (11b)

Lepud| (19

73 ,O%[ YlD&ldl

with thermal diffusion omitted. (Note that Dy, =
Day=Dyy=0). Treating ¥,, Y; and p as indepen-
dent variables, we can get for 7, and j,
F1=—p[ AV Vi + AV Vst AsVing)
(12a)
J1=—0[ BV Yi+ BV Y5+ BsViInp] (12b)

where
A1ED13+ a Yo
a __.1—?., {(R,— Rs) Diz— (R1— R:) Dns},
A= [—Dz‘i (RoDis~ RsDia— an) ] Y,
2
A= %Dw
+R’}(?XTE2}? (Rngg RSDIZ) H]

Blz[ﬁ(felﬁw_RthZl — bs) ] Yo,
Bo=Dos+ 810,

szRL{ (Rz_ R&) Dzl - (Rz - Rl) DZS}!
R*(X»— ) o
By= R: R4 Dzs
%(R1Dza RyDy),

2= Y1R1Dzs+ YszD_13+ Y;}RSD_IZ'

This model is simple enough to apply to classical
hypersonic flow problems, such as the boundary
layer flow on a flat plate, a normal shock wave,
the stagnation-point flow near a blunt nose, and
so on. We consider here the case of the compress-
ible boundary layer flow only.

5. Boundary Layer Flow
on a Flat Plate

5.1 Basic formulation

We shall make some simplifying assumptions
here for the compressible boundary layer flow on
a flat plate. The pressure diffusion is negligible
since the pressure is constant across the boundary
layer. Moreover, we shall ignore thermal diffu-
sion for the simplicity. For a ternary mixture, we
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suppose that the mass fractions ¥; and ¥, are
independent, and that ¥; can be obtained from ¥;
=1—Y,— Y. Likewise, the mass-diffusion fluxes
71 and , are treated as independent and ;=
— 71— 72 Then there are two coupled indepen-
dent equations of change for ¥; and Y¥;:

pu= %§+ aaly/
*a)1+a (.OAlaaijl'i‘PAz ) (13a)
ot a(pBI%I;HBz%Yz) (13b)

When A,=0 and B,=0, Egs. (13a, b) essentially
reduce to those obtained from Fick’s law. It Is our
purpose here to illustrate the differences between
the results stemming from Egs. (13a, b) and the
corresponding results associated with Fick’s law
(that is, essentially setting A,=pB,=0 in Egs,
(13a, b)). For a sophisticated boundary layer
treatment involving four species and the use of
(1964). For the binary
diffusion coefficient in a ternary mixture, we
make use of the hard-sphere billiard-ball model
(Rasmussen, 1994).

Fick’s law, refer to Inger

P 3 [2ks(matma) }”2 RT*/p
s |6Géﬂl TVl alilp RaYa‘i‘“Rﬁ}/ﬁ
(14)
S 1 J S —r
[ Y2=0.2 i
05 |- _'
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Y1
(b) For ¥;=0.20

where

e, mp=molecular masses,

0ay op=molecular diameters,
Tap= (0a+ O',a) /2,

kp=DBoltzmann constant,

o= ks/mq=specific gas constant,
R= YR+ YR+ Y[R,

p=pRT.

With these assumptions, we can examine varia-
tions of ratios A=A,/ A, and B=R,/B, with
respect to the mass fraction Y. Note that 4 and
B are independent on temperature and pressure,
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Fig. 1 Variations of A and B with respect to ¥; in Egs. (16a, b)
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since both of them cancel out. This can be easily
seen from the definitions of 4 and B with Eq.
(14). Figure 1 shows the variation of A=A,/ A,
and B=R,/B, with respect to ¥; for various ¥3’
s. It can be found from Fig. 1 that for particular
values of mass fraction, A and B can differ
significantly from zero.

In order to get boundary-layer equations, we
introduce a well-known similarity coordinate
transformation :

£ = [ ouptuneds (15%)
__Ue o
70 3y =5 [ ody (15b)
and the Blasius function # such as :
u =9/
=4 (15¢)

where the subscripts , and ,, refer to the external-
stream and the wall boundary.

Then Eqs. (13a, b) become :

_a[C(HY] +Aan)]+fax

ag LSai\ a7y oy
of Vi of 8Y1>_ 260, .
"‘25< o7 & 9E dp ) Puoums 1OV
3 ( C[8Ys am)} 5Yz
077{56.»:< +B +f
af B’Yz _of 3Yz> 2§a32
=2 ( — 16b
¢ dn 08 08 Oy ) ouipwiw (16b)
~__Opt = M — £ (7
where C= il Ser= DA Sy = B, (174, b, c)
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Here S¢; and Sc, are the representative Schmidt
numbers, and C is the Chapman-Rubesin param-
eter. The Schmidt numbers S¢, and S¢, (corre-
sponding to (), and (O in mixture with N;) are
plotted as functions of ¥, for various ¥)'s in
Fig. 2. The Schmidt numbers can vary substan-
tially with composition and can have substantial-
ly different values. The viscosity g in the defini-
tion of Schmidt numbers was calculated on the
basis of Wilke's formula (see Appendix). The
Blasius function f(z) in Egs (16a, b) is the
solution to the well known Blasius equation f~
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Fig. 2 Variations of S¢, and Sc, with respect to ¥; in Egs. (16a, b)
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+£f7=0.

We can proceed further by utilizing the bound-
ary layer similarity (9/5£=0) in a conventional
way (Rasmussen, 1994 ; Dorrance, 1962 ; Inger,
1964), setting C=1, treating A and B as con-
stants, and using constant representative Schmidt
numbers. For the flow with no chemical reactions
(w.=0), the partial differential equations of Egs.
(16a, b) reduce to the following ordinary differ-
ential equations :

2
ddK+A%77~7¥2—+Sclde 0 (I8a)
e O ML)

dp? dn?

To obtain approximate solutions analytically by
means of the perturbation method, the Egs. (18a,
b) can be rewritten as :

d le :( 1 )d b
Ser/ dp*
A szZ )
Sei dp” (19a)
LYyl (1 L)Y B
an’ dn Se.) df  Sc
d*v
v (19b)

Again, when A= B=0, these reduce to the well-
known results obtained for Fick's law, with S¢y
and Sc, taken as equal. The subsequent analysis
is based on the solutions of Egs. (19a, b) for
various values of A, B, Sci., and Sc. together
with specified boundary conditions. It will facili-
tate the discussion to obtain an approximate
solution. This can be done by taking A and B as
small, and S¢;, and Se, as only sightly different
from unity. When this is done, the right-hand
sides of Egs. (19a, b) are small, and thus we can
use the perturbation method for approximate
solutions. The base equations for Eqs. (19a, b)
reduce to the Blasius equation. When the base
solutions are substituted into the right-hand
sides, the following first-approximations can be
obtained :

K_ﬁw
Y —

YY Ylw f B*I:f']nf”+ 4+ 1. ]03f] (20'3)

=f’—A*[ #1n f”+f +1.103 f'] (202)

where

Am_ A(IFZE_ Yzw)

1
_SCI(Yle_ Yiw) _<1_S—C1) (Zla)
* B(Yle Ylw)

~ Sea(Vae— Yo (1—5%2) (21b)

When A= EB=0, the results reduce to those for
Fick’s law (with S¢;= Se,).

5.2 Boundary conditions

The boundary conditions that will be consid-
ered in the subsequent analysis specify that nitro-
gen N; and oxygen (), are neutral species, and the
mass-diffusion flux ;, is thus zero at the wall. It
follows that ;;+ 7,=0 at the wall. It is supposed
that the wall is arbitrarily catalytic for the pur-
poses of numerical example, and ;, and ;, are
not separately zero accordingly. Thus, the only
chemical reactions that occur are at the wall
between species 1 and 2 (the dissociation-associa-
tion between (), and (), respectively). At the wall,
therefore, it follows [rom Egs. (12a, b) that

Y/ (0)=—wY/(0) (22a)
where
_A+B _ Sea+ BSe:
0= A2+Bz a SCl‘f'ASCz (22b)

The condition of Eq. (22a) must be enforced in
the integration of the coupled equations (19a, b).

The two second-order coupled equations (19a,
b) require three boundary conditions. In this case
they are to be specified in terms of Yi. Yi.. and
Y. Only three of these can be specified indepen-
dently, and the fourth must be determined. We
shall arbitrarily select V., Yi.,, and ¥;,. And
then Y3, is to be determined. An approximation
that elucidates above considerations can be
obtained by means of the approximate solutions,
Eqgs. (20a, b). Evaluating the derivatives of ¥
and ¥, at the wall with Eq. (22a) leads to the

relation between ¢=Y;,— Y, and A=V,
- YZw:
_ | __&]
B= posedel @)
T (Y
Se Ser
where y=Inf’(0) +1.103=0.347. Thus, when

Yie» Viw, and Yy, are specified, ¥;, can be
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determined. Note that Eq. (23) is strictly valid
when A and B are small, and S¢;, and S¢. are
near unity.

The results are cast in terms of the functions

* — Yl_ Ylw
Yl o Yle_ Kw
:-.Ké__h
Y =Y~ Yo
 — Y3_ st
}/3 o YSe"‘ YSw (24&, b’ C)

all of which vary between zero at the wall and
unity at the free stream. It can be shown that Y7
is related to ¥;* and Y)* by

* — aYl* + Yé* 25

v =GO (25)

Egs. (20a, b) can be used to obtain an explicit
approximation for Y3*.

5.3 Fick’s law

The results for Fick’s law, stemming from Eq.
(5), can be obtained by setting A=FB=0and S¢,
= Ses=Scn in Egs. (19a, b). Since the resulting
diffusion equations are the same, solutions are the
same, that is, Y1* (5) = Yz% (7). Also, Egs. (22a,
b) yield =1 and ¥5(0)=— ¥7(0). It follows
from Eq. (23) that = —¢, and thus Eq. (25) for
the neutral species Y;* is indeterminate. The
result is that the mass fraction for the neutral
species is a constant, that is, Y3= Y3.= Y3, These
results are in direct contrast to previous results for
the correct ternary-mixture. Since the Fick’s-law
problem is not obtained from the correct multi-
component analysis by a step-by-step rational
procedure, there is no definitive means for deter-
mining a single average diffusion coefficient D,
and Schmidt number Sc,=u/pDn A common
approximation is to use Wilke’s formula, as ex-
plained in Appendix. Presumably, Wilke's for-
mula is sensible when one of the species is quite
different from the others such that a pseudo-
binary mixture is assumed, with one component
being the distinct species and the other compo-
nent being an average of the remaining species. In
our example, this would amount to species (O
for one component and an average of (J; and N,
for the other pseudo component. In this case, we

would refer to [, as Dy, in Wilke’s formula. A
constant average value of S¢, will be used for
further calculations.

6. Numerical Results

The coupled diffusion equations (19a, b) were
integrated numerically by means of a Runge-
Kutta scheme with constant values of A, B, Sc,
and Sc¢; which were estimated average values
across the boundary layer. We will consider the
two cases as in Table 1. The result was Y5, =
0.034 for Case 1, Y,,=0.1 for Case 2, and Yz.=
0.02 for Fick’s law, for both Case 1 and Case 2.
Figures 3a, b and ¢ show ¥i*, V.*, Yi* plotted as
a function of 5 for Case 1. The results Y7*=Y>*
for Fick’s law with S¢,=0.37 are also shown in
Figures 3a and b together with the curves Y)*=
Y,* =" () which hold for S¢,=1. The curve for
the exact result lies between the Fick’s-law curves
for ¥;*, but the exact curve for ¥3* lies above the
two Fick’s-law curves. The exact curve for the
neutral species ¥3* shows an overshoot behavior
in Fig. lc. The Fick’s-law result is that Y;= Y3,
= Vi, =const. The curve for the Blasius velocity
profile #/(p) is shown in Figs 3, 4 for a reference.
Corresponding results for the gradients ,*, Y3V,
Y:" are shown in Figs 4a, b and ¢ for Case | in
Table 1. The exact result for ¥*' lies between the
Fick’s-law curve and the curve for f”, whereas
the exact curve for Y,* lies outside the two
Fick’'s-law curves for S¢,=0.37 and Se¢,=1. The
exact curve for the neutral component Y3*/,
shown in Fig. 5¢c, has an overshoot behavior. The
curve for Fick’s law is actually indeterminant
since Yi;.= Vi, but it is shown as the curve ¥3*'/

results for Case 1 and Case 2 are shown in Figs.
5a, b and c. The curves for ¥;* are nearly the
same as Fig, 5a, whereas the curves for ¥3* are

Table 1 Numerical data for two cases (Case 1 and

Case 2)

Case A B Scr | Sez | Yie | Yiw | Yow
-0.63 | -0.054 [ 0.81(0.27(0.20|0.18 | 0.04

Case |

Case 2| -0.39 | -0.034 | 0.76 | 0.36 | 0.20} 0.05 | 0.17
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Fig. 5 Comparison of Case 1 and Case 2 for mass
fraction.

somewhat different. Curves for the neutral species
¥y in Fig. 5¢ show an overshoot behavior, but
are distinctly different. The Fick’s-law results are
the same as before since the profile functions Y;*
and Y7* depend only on the Schmidt number Sc,,.

7. Concluding Remarks

The mass-diffusion problem for a ternary
mixture within a compressible boundary layer on
a flat plate has been formulated using the exact
constitutive relations stemming from the kinetic
theory of gases. Average constant diffusion coeffi-
cients were assumed so that the salient features of
the ternary-mixture problem could more easily be
perceived and calculated, and comparisons were
made with the results obtained for the commonly-
used assumption of Fick’s-law of diffusion. The
difference in results for the mass-fraction profiles
llustrates the inadequacy of the Fick’s law analy-
sis, in spite of its simplicity. These results suggest
that chemical reactions and the heat transfer may
be in significant error when analyzed within
framework of Fick’s law of diffusion.
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Appendix

Physical Properties :

Properties for O,(@=1), O(a=2), N:(a
=3) are molecular masses,

mcl:fg/-:a aIla 23 3)

where

W,=molecular weight [g(gram mole) '],
Ao,=Avogadro’s number,

01=3.62 x 10~8¢m,

2= 1.46 X 10~8cm,

0;=3.76 x 10~%cm.

Viscosity for Mixture :
The approximation for viscosity according to
Wilke (Rasmussen, 1994) is,

N

) 1) )]

Mean Binary Diffusion Coefficient :

The average diffusion coefficient for a ternary
mixture for use in Fick’s law, according to Wilke
(Rasmussen, 1994}, is

N e, &
Dm_Dm‘_Zl_—i__,Xs_
DZI DZS




